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I. Introduction

For well over a hundred years optical activity was re-
garded primarily as a refractive property of transparent
media which was strongly, but obscurely, dependent on
the configuration and conformation of the constituent
molecules.” More recently in roughly three stages, the
study of optical activity has entered into the realm of mo-
lecular spectroscopy. These stages were the establish-
ment of the behavior of optical activity within absorption
bands by Cotton? and later by Kuhn,® the realization that
the isolated optical activity of a single band is much sim-
pler to interpret than optical activity at a single wave-
length,*:5 and, finally, the availability of commercial
equipment which converts the study of optical activity
into a direct and accurate measurement of differential
absorption of right and left circularly polarized light.

This essentially inverted development of the field has
led to a peculiar structure to the theory as it exists in the
literature. An analogous situation would be if the theory
of the electronic absorption of atoms and molecules had
been approached from the point of view of the refractive
index. The result is that experimental workers in the field
at the present time place most weight on the measure-
ment and interpretation of circular dichroism (CD) but,
on seeking theoretical guidance, find that the literature is
mostly concerned with the optical rotatory dispersion
(ORD) of line spectra. These remarks apply only to theo-
retical discussions at the elementary level. From a more
advanced point of view, the topic has been covered in a
very satisfactory manner by a number of writers (for ex-
ample, ref 6-9).

What seems to have been bypassed in the literature is
a discussion of circular dichroism at the minimum level
of complexity, i.e., straightforward, time-dependent per-
turbation theory with simple electric and magnetic dipole
interaction with the radiation. Though lacking the power
and generality of other approaches to this problem, this
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method is capable of producing a quite accurate repre-
sentation of the theory of optical activity. As pointed out
by Dirac,© the use of the quantum theory of radiation
adds nothing to the discussion for an absorptive process
at low densities of radiation. The electric and magnetic
dipole terms are all that are required for isotropic sys-
tems containing molecules small compared to the wave-
length of light. By developing the absorptive property,
CD, rather than the dispersive property, optical rotation,
the accent is placed on the spectroscopic character of
optical activity in agreement with current experiment and
interpretation.

In this paper, the theory of optical activity will be de-
veloped following the program outlined above. Since the
primary concern is the relationship of experimental data
with quantum mechanical matrix elements, it will be nec-
essary to consider real absorption bands with complex
shapes. To do this, an empirical distribution of absorptive
intensity will be used which is a generalization of a dis-
cussion by Kauzmann.'' Optical rotation and, in particu-
lar, Rosenfeld’s equation for optical rotation are generat-
ed from the CD expressions via the Kronig-Kramers
transform.

I1. Extinction Coefficient

In differential form the Beer-Lambert law is given by
6//1 = —2.303¢Cdz, where ¢ is the extinction coefficient,
C the concentration, 6z the thickness of the thin layer of
sample on which the light is impinging normally, / the in-
tensity of the radiation in ergs cm~2 sec™', and &/ the
intensity lost in passage through the layer of thickness §z

by the absorption of the molecules therein. §/ is equal to

the number of molecules in the layer, 6N, times w, the
average energy absorbed per molecule per second. 6/ =
woéN. If the unit of concentration is moles per liter, 6N =
(NC/1000)6z because / is defined in terms of unit cross-
sectional area and

2303

where N is Avogadro’s number. Note that if w is not pro-
portional to /, the extinction coefficient will depend on the
intensity of radiation. From an examination of the units it
can be seen that w// is the cross section in cm? per mol-
ecule for the absorption process.

Linear dichroism and circular dichroism are defined in
terms of differences in extinction coefficients as follows:

= Nw (1

linear dichroism

N Wwx— wy

Ae=ex—ev=m ] (2)
circular dichroism
N w_ —w
e —€- — €4 =m‘l—+ (3)
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TABLE |. Polarizatlon Vectors for Circularly Polarized Light

Electric Magnetic

o w50 men()
s e=5(0) =50

The subscripts x and y designate extinctions with linearly
polarized light parallel to arbitrarily selected orthogonal
axes. The subscripts — and + refer to extinctions ob-
tained with left and right circularly polarized light. In eq 2
and 3, it is assumed that the pairs of extinctions were
measured at the same intensity /.

111, Classical Description of Radiation

In a transparent, isotropic medium of refractive index
n, electromagnetic radiation may be described in terms
of perpendicular electric and magnetic fields £ and H. E,
H, and the direction of propagation of the radiation & are
mutually orthogonal and have the same relation to one
another as the x, y, and z axes of a right-handed coordi-
nate system. In the Gaussian system, £ and H have the
same dimension and are related by |H| = n|E|.

If the z axis is defined as the direction of propagation
in the medium, the electric and magnetic fields may be
represented by two-dimensional vectors in the xy plane
{(Jones vectors'?). The electric field may then be written

E = {veEoe'¥} (4)

where v, is a normalized unit vector describing the state
of polarization of the electric field, and E, and Y are the
amplitude and phase of the wave, respectively. y = wt —
nkz = 2w(v — z/v), where w is the circular frequency
27w, k is 27 /X, and v is the velocity ¢/n. It is to be un-
derstood that the electric field is given by the real part of
the complex expression. Braces will be used to mean the
real part of any vector. Thus if v is real, E = voE, cos ¥
= {veEqe'¥}. For linearly polarized light, v may be writ-

ten as a column vector
cos «
sin «

where « is the azimuth of polarization relative to the x
axis.

The magnetic vector may be obtained from the electric
vector by multiplication by n and a rotation of 90° ac-
cording to the right-hand rule stated above. This rotation
is accomplished with the rotation matrix

0 —1
R %y =
(809 [1 o]
Thus, H = nRE. R only operates on the polarization vec-
tor v. For the linearly polarized case

Vh = Ry, = <—sin a)
cos a
H = {nvpEge!¥ | = vpH, cos ¢

For circularly polarized light (cpl) the electric polariza-
tion is most conveniently represented by the vectors

e, = 1/\/§<7.) ande_ =1/\/§<_;>

for right and left cpl, respectively. Substituting these ex-
pressions in (4) we have
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E+ = lesEqet¥) = %(i cos ¥ — j siny)

E_ ={efei¥} = %(i cosy +]siny)

(5a)

That these represent right and left cpl can be seen by
putting t = 0 and observing that the vectors trace out
right and left spirals in space on substituting = —n«z.

In forming the magnetic polarization vectors for cpl,
care must be taken that these have the proper phase
relations with the electric vectors. This is accomplished
with the rotation matrix R defined above. h. = Re. and
h_ = Re_. Theresults are

H, = {hyHoe¥} withh, = ﬁ(‘;
| (5b)
H_ = |h_Hoe'¥ withh_ = %(;)

The results and notation for the polarization vectors are
summarized in Table I,

The instantaneous intensity of the radiation is given by
the Poynting vector § = (c/4m)E X H, where the real
values of E and H must be used in forming the product.
For linearly polarized light v¢ X v, = k and the phase de-
pendence is cos? Y. Averaging the latter over a cycle
yields a factor of . The mean scalar intensity is then
Hy2

I=ISI= 8r _ 8r _ Cnér (6)
The three forms of the intensity expression on the right
will lead to different refractive corrections for different
modes of interaction.

Though (6) was derived for the linearly polarized case,
it may be shown that it is valid for any polarization, pro-
vided v is normalized such that v*.v = 1. Further, the
above discussion assumed a single frequency for the ra-
diation. Any real radiation is polychromatic, and the oper-
ative electric field, magnetic field, and the intensity must
be obtained by a summation or integration over the fre-
quency. Absorption and circular dichroism spectroscopy
belong to the domain of linear optical effects where this
is a valid procedure.

1V. Molecules in Periodic Fields

The electronic state of a molecule may be described
by the formula ¥ = Za;¥;, where the ¥; = e~ iEit/h
are the time-dependent wave functions of the eigenstates
with energy E;. The probability that a molecule is in state
iis |a;}2 = a;*a;, which is a function of time in the pres-
ence of an external perturbation. Time-dependent pertur-
bation theory states that the coefficients are governed by
the differential equation

da; _ 1y ..
a9t = ,-hzaﬂu
where 7)
so= Ko = | HEi — Ej)e ke _
Tiy = S W 0¥ ,dT = exp —h—"—— Sy dr =
expliwij t | S0y dr

Here wy;; is the circular Bohr frequency (E; — Ej)/f for
the transition /| — i, and 7 represents the coordinates (in-
cluding the spin) of all the electrons and nuclei of the
molecule and T is the interaction Hamiltonian of the per-
turbing field and the molecule. In this paper the interac-
tion Hamiltonian consists simply of the interaction of the
electric (u) and magnetic (m) moments of the molecule
with E and H of the radiation field.
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V=-uE—-mH (8)

It is preferable to leave U unspecified for the moment
except for its time dependence which will be assumed to
be periodic with circular frequency w.

U = {Veiet] = [ Velwt — y*g-iwt] (9)

V is the time-independent part of U and represents the
amplitude of T in its time variation. Only the time depen-
dence is required for the integration of eq 7. In normal
spectroscopy virtually all molecules are in the ground
electronic state so that for a selected excited state m

1

dam _ 1 =1 i -
(—dt— = 7 Vmo =3, [exp[i(wmo T @}t]Vmo

expli{wmo — wit] Vmo*])

where Vmo = S¥m*Vyodr. Following the usual course
of time-dependent perturbation theory, the expression for
dam/dt is integrated with boundary conditions a, = 1
and a,, = 0 at t = 0. The first term in the above expres-
sion leads to a term with (wme + w) in the denominator.
This leads to negligible contributions unless (wme + w)
~ 0 in which case there is spontaneous emission to a
lower energy state. Such states are precluded by our as-
sumptions. With the deletion of the first term and with the
given boundary conditions

_ _Vmo* (expi{wmo — w)t] — 1)
4m = 2h {(Wmo — w)

The probability that a molecule has absorbed a photon
to jump to state m is given by

, Wmo — W
sin?{ 29— }¢
Vom 2 ( 2 )

amam* = 2 —m—z—— (10)
(*==2%)
where the manipulations have followed the course: (e**
— 1)(e~#* — 1) = 2(1 — cos x) = 4 sin? (x/2). We note
that |Vom!? = Vmo*Vmo = VomVom® = Yom Vmo. €tc.,
because V is Hermitian. The time dependence of |am|?
is contained in the factor in brackets. The detailed beha-
vior.of this function with time and frequency is discussed
in texts on quantum mechanics (see especially
Kauzmann'' and Schiff'?). For our purposes, its most in-
teresting property is its relationship with the 6 function.
We introduce the abbreviation A = (wme — w)/2 and
rewrite the expression as follows
o L
s'nA(gAt) =7 [s:m%’] = 7t5(A) (fort— =) (11)

The expression in brackets has all the properties of the
delta function:' at A = 0 it is given by t/mr — = as t —
©, For A # 0, it is of the order of 1/t = 0 as t = =,
The factor of m was introduced to normalize the integra-
tion. This permits the writing of (10) as

7 {Vmo

2
lam|? = 3 —p7 6 (A)

and for the energy absorbed per molecule per second

dlaml? 2
e~ melieml®s ) =

Wm = ho—g;
2
Tolloml®s e — ) (12)

In the form at the right, A has been eliminated in favor of
the circular frequency utilizing the formula d(ax) =
(1/a)é(x).
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This is the standard formula for a periodic perturbation.
The 6 function guarantees conformity to the Bohr fre-
quency condition w = wmpe. Its presence demands an
eventual integration over frequency which will be sup-
plied physically by the fact that neither the incoming ra-
diation nor the energy states are infinitely sharp.’® It
should also be remarked that the conditions assumed for
the above derivation (the growth of a population of mole-
cules in state m) does not accord with the conditions of
normal spectroscopic measurements which are per-
formed under conditions of a steady state. A more care-
ful analysis shows that the rate of absorption predicted
for steady-state conditions and for the boundary condi-
tions given above are identical, provided the fraction of
molecules in the excited state remains very small. This is
usually the case.

V. Broad Electronic Bands of Molecules

The factors which dictate the shape of electronic ab-
sorption bands of molecules containing more than two
atoms are extremely complex,'® particularly in solution.
Transitions from the ground state must be summed over
all vibrational levels with Boltzmann weighting factors. A
molecule sufficiently large to be optically active has
many atoms and, as a consequence, many low-energy
degrees of freedom which are thermally excitable. The
excited state is still more complicated. A typical band
width of 2000 cm~" may encompass thousands of differ-
ent combinations of vibrational excitations. The spectrum
of a moderately simple molecule in the vapor phase con-
sists of a large number of lines that are not resolvable
with an ordinary spectrophotometer. In solution, the sol-
vent cage provides an external and varying force field
which alters the electronic energy of both the ground and
excited states. Further, rotational and translational de-
grees of freedom are quenched into librational motions
by interaction with solvent molecules. The result is a
highly degenerate continuum of energy levels, which may
or may not show bumps arising from the varied excitation
of large vibrational quanta.

It is desirable to bypass consideration of band shape in
a general discussion of electronic absorption and circular
dichroism. This can be done by introducing a weighting
function p(wmg) for the probability of a transition within
the manifold of the electronic transition o — m where
wmo I8 considered as a variable within the limits of the
electronic band. Thus instead of the expression IV(,ml2
for the electronic transition at a single frequency, we
substitute p{wmo) |Vom|? which describes the probability
of the electronic transition taking place at the frequency
wmo- It is clear that p has the shape of the absorption
band. It may be regarded either as the subject for even-
tual theoretical consideration or as an empirical function
which determines band shape. It will also be assumed to
be normalized to unity so that

Jp(®mo) dwmo = 1 (13)

This involves an approximation which is discussed in the
Appendix. Each monochromatic transition at wmeo given
by eq 12 is weighted by the “transition density” p(wmo)
to give

2
Wiome) = TelYmoliolemol

- w) (14)
This equation applies for radiation at the frequency w. If
eq 14 is now integrated over wmo in keeping with the
continuous nature of the absorption, we find
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Vv 2

where the § function has permitted the substitution of w,
the frequency of the radiation, for wmo. The subscript on
p keeps track of the fact that p is the shape factor for the
0 = m transition.

This extremely simple formula is the cornerstone of
molecular spectroscopy. The nature of the perturbation V
has not yet been specified except for its periodicity in
time. Selection of V appropriate to the problem at hand
leads to formulas for ordinary absorption, linear and cir-
cular dichroism, etc. Superposition of a constant magnet-
ic field leads to the basic formulas for magnetic CD and
nuclear and electronic spin spectroscopy. The equation
has the form of the “golden rule” for the transition to the
continuous states of free particles.'® The interpretation of
p(w) is different, however, since in the free particle case
it represents a state density (including spatial degenera-
cy) whereas in (15) it is a transition density. For each
p(w) there is a large variety of initial states, final states,
and selection rules at work. A formula for p(w) is derived
in the Appendix.

VI. Absorption Spectra and Linear Dichroism

It is easier to recognize the unique terms which are re-
sponsible for circular dichroism, if ordinary absorption is
treated as a previous case. This will be done in this sec-
tion.

The perturbation producing ordinary electronic spectra
is the interaction of the electric field of the radiation with
the electric moment of the molecule. In this case, V =
—u - E, where u = eZr;, with e the electronic charge and
r; the position vector of the ith electron of the molecule,
and E, is the amplitude vector of the electric field. The
time dependence of E has been removed by integration;
the space dependence does not contribute to ordinary
absorption, i.e., electric dipole absorption. Thus E, =
veEy and Vom = EoVe * Hom. Substituting this relation into
(15) we have

" leso'ﬂomlzpm(w) _ 7"'(-‘9IVe'MomIzpm((-‘l))Eo2

(16a)
_ 4772wlve'ﬂomlzpm(w)l
- hnc

(16b)

where in (16b) Ey2 has been eliminated in favor of the
intensity by eq 6. w is proportional to the intensity as de-
manded by the Beer-Lambert law. Using this formula for
wineq1

_ 4Am2wpmlw)N

€ = " 3303hnc |V-koml® (a7

If impinging light is linearly polarized in the x direction,
the orientational part of (17) becomes |v:puoml|? =
|{#x)om|2. For randomly oriented molecules, the average
over all orientations gives

(luxl?) = |u|?/3
and
_ 4r%wpm(w)N

€~ 3(2303)Anc “°m (18)

In (18) uom? has been replaced by the dipole strength
which is defined as Dom = |Mom |2

This equation applies equally to linearly polarized light
in the y direction and to nonpolarized light, which can be
regarded as the superposition of two independent beams
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TABLE 1l. Formulas Relating Extinction Coefficlents and
Strengths of Transitions®

Absorption Circular dichroism
_ 47*8NNo(N)Dom _ 16738NAG(N)Rom
€T T 3(2303)mc T T 32303k
Do = 3(2303)hc edA R = 3(2303)%c A_e_d)\
T 4N (32/m)A T 16xN AN
In Numerical Form?®
ed) Aed)
Dom = 9.18 X 103 Rom = 0. .
X @/ 8 mf 2y
(debye?) (Debye-Bohr magnetons)

s To convert to wave numbers, replace A by 5. To convert to
ellipticities, replace Ae by Mg/3300, where (4500 In 10)/x = 3300,%
8 = (n* + 2)/3. ®The unit for dipole strength is (debyes) =
10~% cgs unit. The unit for rotatory strengths is the (Debye-
Bohr magnetons) = 0.9273 X 10—% cgs unit. Very frequently g8
and g%/n are equated to unity and X is replaced by Ansx in the
integral.

of light of half the intensity, polarized in the x and y di-
rections.

If the molecular system is in a crystal, oriented film,
electric or hydrodynamic field, etc., an assembly of mole-
cules will produce linear dichroism. This is measured by
comparing the extinction coefficient for two different po-
larization directions, x and y. Then, from (17)

dmiwpm (@) N

5303hnc (Ko T (1)) =

2
47" epmle) Pom (ginz g)(cos 20)  (19)
where § is the angle the transition dipole makes with the
direction of propagation of light, ¢ is the standard meridi-
nal angle relative to the x axis, and the averages are over
the distribution function appropriate to the method of ori-
entation.

The above formulas contain no correction for the local
field on the chromophore in condensed media. It is com-
mon practice either to ignore the local field problem or to
apply the Lorentz correction. The latter is easily intro-
duced. According to the Lorentz theory, the field on the
chromophore is given by F = BE with 8 = (n? + 2)/3,
rather than the macroscopic field itself. This introduces
the factor [(n? + 2)/3)2E,? into eq 16a instead of £,2 so
that, instead of (18), we have

1 <n2 + 2,)2471'2wpm(w)N

€&x — €y = Ae =
y

tom =7\ 73 3(2303)hc Dom  (20)

Finally, circular frequency is an inconvenient unit for
experimental work where wavelength in nanometers or
frequency in cm~1 (») is usually preferred. Conversion to
these other units follows directly from the requirement
that the shape function be normalized in its own units;
that is, Jp(w)dw = fp(F)dp = fp(A)dX = 1, from which
we deduce that wp(w) = Pp(¥) = Ap(A). Thus the
change in spectral units introduces no changes in the
constants of the absorption formula. The results are sum-
marized in Table |I.

VII. Circular Dichroism

To obtain a theory of circular dichroism, it is necessary
to add the small magnetic interaction of radiation with
electrons to the dominant electric interaction. Thus in eq
15, V. = —u.E — m-H, where m is the magnetic moment
(operator) of the molecule given by
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e
m =5=2 (L + 28;) (21)

where L; is the orbital angular momentum and S; the spin
angular momentum of the ith electron. Spin magnetic
moments usually make negligible contributions to circular
dichroism and will be dropped from the discussion which
follows. With known or assumed wave functions, magnet-
ic transition moments are easy to calculate. What hap-
pens in the interaction of cpl with molecules can be
made much more transparent if circularly polarized com-
ponents of the transition moments are introduced. Thus
in place of ux and uy, we utilize the electric moments

My = I-lx;';_z//-t M- = #x;_ai#

so that
_ Mk tp- My T p-
Bx= T My = —*W,L
and
B = uxi topyj +opzk
becomes

p=u_er tuie_ + ok

where e, and e_ are the unit polarization vectors for the
electric field of right and left circularly polarized light.
The introduction of x,. and w- involves the decomposi-
tion of linear moments into circular components. This is a
familiar device in the discussion of magnetic resonance
interactions. The magnetic moment m can be similarly
decomposed, but in so doing it will be desirable to main-
tain the same kind of phase relationships between m and
u as exist between H and E. In accordance with Table |

we define
mx:— ;’.m_ my= mi + m_

In these terms the magnetic moment operator is

—imy +m

m=m_hs + mih_ + mzk

In terms of the circularly polarized moments the interac-
tion takes a very simple form. For right and left circularly
polarized light we have respectively E, = e, Ey, Hy =
hiHy, and E- = e-E,, H- = h_H,. Utilizing the rela-
tionse, e, =h, -hy =0ande, -e_ = h, -h_ =1, we
find

(Vidom = —(H+JomEo —{M+)omHo

(22)
(V-lom = —(4-)omEo —(M-)omHo

where V. and V_ refer respectively to the interaction
with right and left cpl.

Evaluation of |Vom|? can be cumbersome because of
the three possible sources of imaginary quantities con-
tained in (22). These are the wave functions themselves,
the complex expression for circular polarization, and the
magnetic moment operator. The latter is a pure imagi-
nary since, in a coordinate representation, L in eq 21 is
given by L = (h/)Z;r; X v, where the summation is
over electrons. The work proceeds more simply if we
take the following steps: (1) Assume all wave functions
are real. This is in accord with a theorem of Van Vieck'’
which states that the wave functions of a molecule in a
nondegenerate state are necessarily real in the absence
of an external field. A complex phase factor may be in-
troduced, but it is devoid of physical significance. (2)
Temporarily define a real operator g = —im. In terms of
this operator
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m. _9xtigy

_~gxtigy
m-=""2"

Substituting in eq 22 and separating the equation into its
real and imaginary parts

(Vidom = —[(Mx)omEo £ (gx)omHo)] —
i[(£(ky)omEo + (gy)omHo)]

This is now in the form V = a + /b with a and b real so
that

|V|2 = a2 + b2

(Va)om? = [(I-‘x)om2 +2(/-‘y)om2]502

+

2 2
Uoxlom * [v)om o 4 [(us)om (gs)om +

(#y)om (gy)mo]EoHo (23)

Averaging over all orientations of the molecules utilizing
the relation (axbx) = (ayby) = (a-b) /3, we have

(#)om? 2 2
(Vilom? = gm Eq2 + (Q)Sm Ho? £ E(I-lom'gom)EoHo

The field quantities can be eliminated by means of eq 6.
We also introduce the quantities:

Dom = (Mom)? = Mom'4mo e€lectric dipole strength (24a)

Gom = (9)om? = Mom-Mmo Magnetic dipole strength (24b)
Rom = —Hom'9om = /M{kom*Mmo) rotatory strength (24c)

Dom> Gom, and Rom are molecular measures of electric
dipole absorption, magnetic dipole absorption, and circu-
lar dichroism, respectively. In the second part of eq 24c,
Rom has been converted to its customary form by substi-
tuting —gom = tiMgm = +immo* = —i/mmo. But this
equals Im(mpye) in the sense that if z = x + iy, —iz =
Im[z] =y, whenx =0,

Making the substitutions from the three forms of eq 6
and the three terms of eq 23

D
(Vilom? = %[_?F]‘+ nGom F 2Rom:I (25)

We may now utilize eq 15 and 1 to obtain expressions for
the extinction. In so doing it is necessary to recall that
the transition density function depends not only on the
upper and lower states, but on the matrix elements con-
necting them. There are three combinations of matrix el-
ements in (24) and each has its own transition density
function. We will call these p(w), 7{(w), and o(w). Utiliz-
ing the equations mentioned above

4x?oN [ D '
€. = 3—(2%)%3[—%&,)((») + nt(w)Gom F 20(“’)Rom-_l
(26a)

If we take into account the possibility that the local field,
F, differs from E, i.e., F = BE, then this equation takes
the form

4m2wN

€= = 3(2308)hc *

[éniDomp(w) + nr(w)Gom F 260(“’)R0m] (26b)

The three terms in (26) represent electric dipole ab-
sorption, magnetic dipole absorption, and circular di-
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chroism. Magnetic dipole absorption has only been de-
tected in a few simple molecules in the gaseous state. It
is extremely weak since the ratio of magnetic intensity to
electric intensity is of the order of the square of the ratio
of the Bohr magneton to the debye unit, i.e., about 10~4.
The term in Gom will be dropped in subsequent formulas.

If the incident light is linearly polarized or unpolarized,
the radiation may be treated as a mixture of rcpl and Icpl
so that the CD term cancels. Thus

ATAAN_ 32

€ = 3(2303)hc n PomPom(A) (27a)

where circular frequency has been replaced by wave-
length. This permits the evaluation of Dy, from experi-
mental data. Recalling that

J‘Pom(x)dx =1

3(2303)hc

Dom = “ 4xiN

B Ity N (27b)
This can be replaced with a moderately good approxima-
tion by considering n, 8, and v constant over the width of
the absorption; thus

3(2303)hc n

Dom = 471'2NA 62f edA (27¢)

where n and 3 are evaluated at A = Apax.
If circular dichroism is measured, e- — ¢, is deter-
mined. From eq 25b thisis

= 1672ANBGom (A) Rom

Ae=e- —ep 3(2303)Ac (28a)
Rearranging and integrating over the band
3(2303)hc
Rom —(-ﬁ?;v—fm\d)\ (28Db) -
or A
3(2303)hc
Rom = ﬁ;(r—z-ﬁﬁi——fmd)\ (28c)

with the same approximations as before. This provides
the experimental method of evaluating rotatory strengths.

In discussing the shapes of circular dichroism bands, a
parameter of considerable importance is the anisotropy
factor g, which is the ratio of CD to ordinary absorption g
= Ae/e. This is in general a function of frequency. From
eq 26a and 27a it is given by

_4n 0(w) Rom

6 _(_Dom

g is seen to depend on the ratio of the shape factors
for CD and absorption as well as a weak variation with
n/B. Moscowitz'® has shown that in many strong bands
the CD signal and the absorption signal have the same

(29a)

shape. In this case a(v)/p{v) = 1and
g= % DLZ: (29b)

The conditions for this approximation are discussed in the
Appendix.

This formula is usually given as ¢ = 4Rym/Dom, which
is probably a good approximation. On the other hand, it is
usually understood that the latter formula represents “ig-
noring the internal field correction.” This is not the case.
If the internal field is ignored, 8 = 1 and, for a/p = 1, g
= 4n{(Rom/Dom). The refractive index, n, can differ ap-
preciably from unity, especially in the ultraviolet part of
the spectrum where CD is usually measured. The appear-
ance of n in this equation has nothing to do with internal
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field corrections but with the fact that the wavelength in
the medium is shortened by a factor of 1/n. In the ener-
gy balance this compression of the wave plus the electric
polarization requires that H = nE. |f the Lorentz formula
is applicable n/8 = 3n/(n? + 2). This is close to unity
for most realistic values for n. It is unity at n = 1, reach-
es a maximum of 1.06 at n = 1/2, goes through unity at
n = 2, and attains a value of 0.91 at n = 2.5. We see
then that the validity of the formula g = 4Ry /Dom de-
pends not on the absence of an internal field but in the
cancellation of the intrinsic effect of refractive index by
the internal field dependence. This cancellation is very
effective for a Lorentz internal field, and one may at least
assume this to be so for the more complex fields which
arise in situations which are not cubic in symmetry as re-
quired for the Lorentz expression.

Frequently circular dichroism spectra are reported as
molar ellipticities. This usage is related to an older tech-
nique of measuring CD by measuring the ellipticity of
light produced by optically active substances. It is not
difficult to show'® that the molar ellipticity is related to
Ac by the relation

4.5(2303)

Mg = ————Ae = 3300A¢ (30)
Substituting from eq 28a
My = 247NB)\¢;;,:]()\) Rom (31)

Both (27a) and (29) are useful since the former permits
direct comparison of circular dichroism with absorption
spectra and the latter with optical rotation.

In eq 19, we had a relation for the absorption of linear-
ly polarized light of an oriented system. It may appear
that a similar possibility of development for oriented CD
is contained in eq 23. This is not so. In an oriented sys-
tem, quadrupole terms which we have neglected contrib-
ute to circular dichroism. Their contribution vanishes
when the system is optically isotropic. Thus the deriva--
tion given in this paper is valid for circular dichroism only
if uniform spatial averaging is employed. Theories which
include quadrupole terms for oriented systems have been
developed by a number of writers 8.:9,20-22

Vill. Optical Rotatory Dispersion

As mentioned in the introduction, the theory of optical
rotation is usually derived directly from Maxwellian sus-
ceptibility theory or as a coherent scattering process.
Here we adopt the approach of considering optical rota-
tion as a dispersive property determined by the form of
the absorptive property, CD, rather than the converse.
Going either way the correlation is rigorously dictated by
the Kronig-Kramers transform relations between the dis-
persive and absorptive properties of material media.’®:22
If the wavelength is chosen as the independent variable,
the form of the Kronig-Kramers transform which is ap-
propriate for the transformation of the circular dichroic
spectrum into the optical rotation spectrum is given by'®

_ 2" tMs(dt
a7 . A — 2

<

(32)

where M, is the molar rotation. The symbol fmeans the
principal value is to be taken:

w A-d
f!t!dt . f!t dt f;t dt
fo A2 -2 =6|I_FI10[ A2 )_ t2 A+6 )_ t ]

Referring back to eq 28a, it is seen that the form of the
rotatory dispersion is governed by the form of the shape
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function a(A). In the absence of a general theoretical
form for the shape of circular dichroism bands, we shall
utilize the three most commonly considered empirical
forms: infinitely sharp lines, Lorentzian or forced oscilla-
tor response, and Gaussian bands.

A. Line Spectra

If the spectrum may be considered as a series of lines
of negligible breadth, a(A) may be represented as a sum
of § functions ¢(A\) = Zom = Zmé(A — Ap), where the
Am are the wavelengths of the lines. Substituting eq 31
into eq 32 and utilizing the properties of the & function,
we obtain Rosenfelds’ equation

48N Am?R
= 5 5 ppFam, (33)

Note that the rotation is undefined at A = Ay, because in
this case the 6 function is located at the singularity of the
integral. Equation 33 may be also expressed

A2
Z 32 _l)\l : (34)

with A; = 48BN/hc. In this form it is called the Drude
equation since it was first derived by Drude on the basis
of a helical oscillator without damping. It has been shown
by Moscowitz'® and Kuhn and Braun® that the above ex-
pression holds with high accuracy for broad bands pro-
vided that the separation between the wavelength of
measurement and the band center is sufficiently greater
than the band width.

B. Lorentzian Bands

It is possible to develop classical forced oscillator
theories of optical activity with typical damping terms.
This approach was first developed by Natanson2* and
was later elaborated upon considerably by Kuhn?5 with
his coupled oscillator model. As would be anticipated,
the result is a Lorentzian dependence on wavelength or
frequency, so that the shape factor takes the form

constant
(AZ - Am2)2 + I‘mZAZ

where A, is the wavelength of maximum CD and Iy, is
the damping parameter. Since ¢ is normalized, we must
have fom(A\)dA = 1, which gives for the constant the
approximate value 2\ 2’ /7. Thus

a(\) = (35)

22T
o(A) = TN = X 21)112 .+.nf Y| (36)
and from eq 31
_ 48NBA 2T AR
Mo.m = BoTN = Am?)? + T 2% e7)

In performing the integration it has been assumed that A
=~ Ap except in the term (A2 — Ap2)2. The exact ex-
pression for the constant gives a more complicated for-
mula.

It is customary to simplify the Lorentzian band by mak-
ing the same approximation in the shape function itself.
Putting A == A, we find

T = 2R = K7 T 77 (38

where v = I'/2 is the half-width of the band. Utilizing
this form for a(A) in eq 31

_ 24NBAmymR
Mo = Ffin R P (39)
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The Kronig-Kramers transform can now be used to ob-
tain the appropriate expression for Lorentzian optical
rotation. Defining x = (A — Ap)/7Ym, €9 39 can be put
into the form const[1/(x? + 1)]. One of the simplest
transforms is

1 X
x?+ 1 x2+1

This gives for the molar rotation
24NBAm (N — Am)Rg

= 40
Ma,m thm_Tm_%[()\— A)? + Ym?] (40)
Equations 37 and 38 give a good representation of the
shape of the circular dichroism and optical rotation within
the absorbing region of a Lorentzian band but are less
satisfactory outside the band. In particular when (A —
Am) > Ym, eq 38 gives a term in 1/(A — Ap) rather

than a Drude term. To obtain the correct form for disper-
sion far from the absorbing region, eq 35 must be used.

In this case
_ 48BNBAL2(A\%2 — Ap )R
Mam = Ro[(AZ = AmBZ + Tons]  (41)

This has essentially the same shape as (40) within the
band but reduces to a Rosenfeld-Drude equation when
(A2 = Am?) > Am? (eq 33 and 34). Since (41) and (37)
represent the in-phase and out-of-phase response of a
forced oscillator, they are obtained simultaneously in the
solution of the problem so that it is not necessary to per-
form the Kronig-Kramers transform. A pair of equations
of the form of (37) and (41) were first proposed by Na-
tanson?2* on the basis of an outmoded classical model.

In any event, the Lorentzian shape has had less impor-
tance in the interpretation of electronic CD spectra than
in other branches of spectroscopy. The width of an elec-
tronic band of a molecule complicated enough to show
circular dichroism arises from the wide range of energies
of the initial and excited states and not from the intrinsic
width of absorption. As a result, a Lorentzian which is
broad enough to represent the shape of the band close to
the maximum tails off much too slowly to represent band
shape far from the center.

C. Gaussian Bands

This case has been developed by Moscowitz'® and
Kuhn?® and has found the most extensive application in
the interpretation of CD band shapes. In this case the
shape factor has the normalized form

2
6m(A) = A—mjv_;exp [—(%) :I (42)

where A, is the exponential half-width. Again utilizing eq

31
A= Am ¥
2=)]

Mg =

24V T NBA mRom [ (
expf—
hcAnm

The Kronig-Kramers transform3.19 is

Mg,m =
483N mRom x A
AL LY —y2 2 m 44
hobn [exp[ X ]-£ exp(x?)dx + SN F ) m):] (44)
where x = (A — Ap)/Am. Moscowitz has shown that

this equation goes over to Rosenfeld’s equation when x
> 4. The integral in (44) is known as a Dawson integral
and is tabulated in a number of places (see especially ref
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TABLE 111, Optical Activity for Three Band Shapes®
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MB.m Ma Rom
488NRomAm 488N Am?Rom
Lines 30BN RomAm £ — A NS
e fic m AE— Ap?
. 24ﬁNRcm YmAm 24ﬁNRcm A= Anm fic YmM%,m
Lorentzian = NI )\ ’ \ = ImAYm
(eq 39 and 40) c (A= Am) + 7 e (A= An)+vm %N B
. 488NRom TAAm? 488N EAn (A2 — Ap®Rom Hie \ I'M%
Lorentzian g N — D 4 Tt — " P 2 —
(eq 37 and 41) e (A= Aal)? + T fie  [(A2 = An?)? + Twir? 48N) a8
284/ 7BNRomA A= Am\? 486N mRom # % m
Gaussian \/L— xp[—( ] ﬁ—F()\,)\m,Am) = A";Mﬁ—
FeAm Am ficAm 28+/7N/ A8

@ M%, rn = 3300A€max is the maximum in molar ellipticity. FA\Am,Am) = g exp[—x?} fox exp[]dt + [Am/2(A 4+ Am) s withx = (A — An)/Am.

The frequently occurring constant (48N/fic) = 9.145 X 104. If one wishes to go directly from molar ellipticities or rotations to rotatory
strengths in Debye-Bohr magnetons, this constant is to be replaced by 8.480 X 103, the reciprocal of which is 1.179 X 10-¢. Other sym-

bols are defined in the text and in Table II.

27). Carver, Shechter, and Blout2® have devised a rapidly
converging procedure for evaluating the integral which is
utilized in most contemporary curve fitting programs for
evaluating and resolving circular dichroism curves.

Chemical absorption bands are frequently represented
as a sum of Gaussian-shaped bands. Unless this repre-
sentation has physical significance in the realm of spec-
troscopic assignments, i.e., each term represents a dis-
tinct transition with a Gaussian shape, the rotatory
strengths associated with each Gaussian lose their signif-
icance and only the sum of the absorption envelope has
significance. With CD bands obviously separated into vi-
bronic components, the rotatory strength associated with
a given electronic transition can be partitioned into vi-
bronic components.

Table |11 summarizes the results of this section.

IX. Discussion

In general the theory of optical activity may be divided
into three parts: (1) the relationship between experimen-
tal observations of circular dichroism and optical rotation
and the quantum mechanical quantity-rotatory strength;
(2) the development of mechanisms for the rotatory
strength in terms of the electronic structure of the mole-
cule under consideration (here the one-electron mecha-
nism of Condon, Altar, and Eyring,?° the coupling mecha-
nism of Kirkwood,2? and the exciton mechanism of Mof-
fitt3' come prominently to mind); and (3) the relationship
between the rotatory strength and the three-dimensional
structure of the molecule. This paper has been con-
cerned entirely with the first problem. In particular, the
formulas developed apply to single conformations. If a
molecule possesses conformational freedom, the formu-
las must be averaged over conformation to provide a rep-
resentation of experimental results.

The method of this paper consists in utilizing semiclas-
sical perturbation theory retaining only electrical and
magnetic dipole interactions with radiation. Band shape
questions are handled by means of a golden-rule formu-
lation with transition density functions. Optical rotation is
approached as the transform of circular dichroism. The
familiarity of the mathematical apparatus makes this ap-
proach especially simple. Moreover, the relationship of
CD with absorption as well as its distinctive features are
brought out with considerable clarity. Questions con-
cerning the internal field correction and its relationship
with absorption mechanism (eq 26b) are automatically
answered. Finally, the problem of bandshape and its vari-
ation with mechanism is obtrusively present in the deriva-

tion so that the assumptions made in a number of cur-
rently used formulas can be clearly stated.

X. Appendix

The transition densities p and ¢ are extremely compli-
cated functions for solvated, polyatomic molecules, but it
is possible to obtain formal expressions for them. We ex-
pand the notation so that the ground and excited states
are designated by oa and mg@, respectively. o and m are
labels for the electronic state as defined for an isolated
molecule in its lowest state of nuclear motion, and « and
B are descriptive labels for the entire set of nuclear coor-
dinates and their states of motion. These include not only
the internal vibrations and librations of the absorbing mol-
ecules but also the solvent cage. An energy is associated
with each label « and 3, but the situation is highly degen-
erate in that for a given energy there will be a large num-
ber of combinations of internal vibrations, librations, and
solvent perturbations which are possible. The probability
that a transition o — mg@ takes place is governed by eq
15 with |Vom|? replaced by |Voq,ms|2. On the other
hand, spectroscopic observations combine all transitions
of the same Bohr frequency so that the transition density
for a given frequency must be summed over all initial and
final states separated by the same frequency. The proba-
bility of the initial state « is governed by

pa = e_Eﬂ/kT/Ze_EG/kT
a

Grouping transition probabilities with regard to frequen-
cies instead of states, the probability of a transition at en-
ergy wme Will be proportional to

202" [Voa,msl?
a 8

where the prime on the second sum indicates that only
those states 8 are included for which Eg — E, = hwmo. In
the text the probability of this transition was represented
by 0 (wmo) | Vom |2 Which is a definition of p(wmo). Thus

p{wmo) = ZDaZ’IVOa,malz/IVomlz
8

(Ai)

(A2)

(A3)

]

If p(wmo) is defined also as being normalized over the
band o — m, then |voml2 is simply proportional to the
integrated absorption intensity. One would like lvoml2 to
be the transition probability for an isolated molecule in its
lowest state of nuclear motion since this is frequently
calculable from molecular quantum mechanics. This is
not necessarily so, though it is often a good approxima-
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tion. Only the product p(wmo)|Vmo|? is defined so that, if
|Vmo|? refers to the electronic states of the isolated mol-
ecule, p(wmo) is not necessarily normalized since
changes in intensity produced by solvent interactions or
vibrations must be reflected in its behavior. On the other
hand, if p(wmo) is defined as normalized as in the text,
then leo|2 in general must contain the effects of sol-
vent and vibrations.

It turns out that the crux of the matter is whether or
not the Born-Oppenheimer approximation can be ap-
plied. If it can, the wave functions for oa and m@3 can be
written in the form

loa) = jo)| )
(A4)
ImB) = |m)|8) ’

The electronic wave functions are of the form ¥, (g, Q)
and the nuclear wave functions are xg(Q), where the g
are electronic coordinates and the Q are nuclear coordi-
nates including solvent nuclei as parameters.

Looking first at the dipole strength, we need to evalu-
ate |I~Loa.mﬂ|2- In the Born-Oppenheimer approximation
we have

Hoa,ms = {e|{o|u|m)|B) (A5)

If the electric transition moment is large, it is not greatly
affected by nuclear motions so that ¥(q,Q) may be re-
placed by ¥(q.0) where the nuclei are placed in their
equilibrium positions. Then (A5) may be factored and we
have |uoa.mgl? = Mom? {(&|B)2 where the (al|B) are
Frank-Condon nuclear overlap integrals.’® As is well
known, these partition the intensity of electronic bands
among the vibronic levels of the excited state. Substitut-
ing in (A3), we have

ZDGZ’uom%al‘j)?
s = Sp.S N alB) (A8)
8

Thus p{wmo) contains the combined effect of tempera-
ture (in p,) and the Frank-Condon principle (in (al,@)).
Integrating over the whole band is equivalent to eliminat-
ing the stricture on the summation over 3 since the sum
is then over all frequencies

J‘P(wmo)dwmo = Z&a(alﬁ>2
a g

p(wmo) = Bom

If |a) and |B) are members of complete orthonormal
sets, it can be shown that Zg({a|B3)2 = 1.32 Since Zp, =
1 by definition, p{wmo) is normalized to unity. The condi-
tions required are the applicability of the Born-Oppen-
heimer principle and the assumption that the transition is
sufficiently strongly allowed that small nuclear displace-
ments do not appreciably affect the transition so that the
Q can be equated to their equilibrium values in the elec-
tronic integrals.

Applying the same analysis for the rotatory strength,
we find

ED(XZ(“oa,mB)'(mmB,oa)

0{®Wmo) = (A7)

Kom+Mmo

The symbol Im is not necessary since the factors of /
cancel.
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Assuming the Born-Oppenheimer approximation and
equilibrium nuclear coordinates in electronic integrals

G (Wmo) = Zoaz<ali6>2
« B

This is the same formula as for p{wmo) SO that, under
these circumstances, circular dichroism and absorption
have the same shape and eq 29b is applicable for the
anisotropy factor of the band.®

There are a number of instances in which one or the
other of the two approximations do not apply. Circular di-
chroism is frequently observed in exciton systems for
which the Born-Oppenheimer approximation is not appli-
cable.?? It often arises with weak absorption bands which
are essentially electric-dipole forbidden, but magnetic-di-
pole allowed. In these circumstances, it is not permissi-
ble to use equilibrium nuclear coordinates in evaluating
Mom. It is, however, usually possible to equate the areas
under absorption and CD curves with the dipole strengths
and rotatory strengths of electronic transitions, but the
shapes of the curves for absorption and CD can differ
markedly. In particular, contributions to D and R can
arise in mutually exclusive vibrational progressions.8:34

(A8)
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